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Introduction

I N Global Positioning System (GPS) positioning, various mea-
sures can be used to select satellites or to evaluate the position-

ing accuracy. Geometric dilution of precision (GDOP) and relative
GDOP (RGDOP) are themost popularones.Though thesemeasures
are used frequently, the relationship between them is not clear. The
conditionnumber is also a traditionalmeasureof numericalstability
in solving linear equations. All of these measures have some com-
mon properties and some differences. The relationships between
these measures are analyzed in this Note after a brief survey of the
GPS positioning problem.

Background
Absolute Positioning

The measured pseudorange to satellite i at receiver A is denoted
by1

9 i
A D r i

A C cBA C w i
A (1)

where a measured pseudorange9 i
A is composed of a real range r i

A ,
a distanceproportionalto the clock bias of the receivercBA , and the
measurement error wi

A . There are many sources of measurement
errors, such as receiver noise, atmospheric delay, and intentional
degradationof the signal called selectiveavailability(SA). SA is the
most dominant error source, and it typically causes a measurement
error of 30 m .1 ¾ /. To reduce the effect of atmospheric delay,
either the Klobuchar or the Hop� eld model is usually adopted in
GPS positioning.1

A linearizedmeasurementequationat a nominalpoint is modeled
as

±9 i
A ´ 9 i

A ¡ r i
A0 D gi

A0
T ±x C ±.cBA/ C ºi

A (2)

where r i
A0 is the calculated range, gi

A0 ¡ [gi
A0x gi

A0y gi
A0z]

T is the
line-of-sightvector, ±x is the three-dimensionalposition error vec-
tor, and º i

A is the remaining error after compensation. In Eq. (2),
there are four unknowns [±x and ±.cBA/], and measurements to at
least four satellites are required to solve for all of them. Vectorizing
Eq. (2) for n satellites, we have

± W D [G r]
±x

±.cBA/
C º D H±u C º (3)
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where

± W D ±91
A ¢ ¢ ¢ ±9 n

A

T
; º D º1

A ¢ ¢ ¢ ºn
A

T

G D g1
A0 ¢ ¢ ¢ gn

A0

T 2 <n £ 3; r D [1 ¢ ¢ ¢ 1]T

and
±u D [±x ±.cBA/]T

Relative Positioning
A position relative to a known reference point can be found with

double-differencedmeasurements.The double-differenceoperation
of the code delay measurementsof two receivers R and A is de� ned
as

9
i j
R A ´ 9

j
A ¡ 9 i

A ¡ 9
j
R ¡ 9 i

R D r i j
R A C w

i j
R A (4)

where it is clear that the clock bias, atmospheric delay, and SA are
effectivelycanceled. Double-differenceoperation, however, ampli-
� es variances of errors such as multipath and receiver noise, which
are relatively smaller than atmospheric delay and SA. It is well
known that the magnitude of carrier-phase measurement error is
smaller than that of pseudorange. Therefore, double-differenced
carrier-phase measurements usually are used for relative position-
ing. The double-differenced relative positioning equations using
carrier-phasemeasurementswith resolved integerambiguity are the
same as for codemeasurements.A linearizedmeasurementequation
at nominal points R and A0 is obtained as

±9
i j
R A ´ 9

i j
R A ¡ r i j

R A0 D gi j
A0±x C "

i j
R A (5)

where gi j
A0 D g j

A0 ¡gi
A0 , ±x is the three-dimensional position error

vector between A and A0 , and "
i j
R A is the measurement error. For

n satellites, the three-dimensionalrelative position can be obtained
using the following linear equation:

± W D D G D±x C "D (6)

where

± W D D ±9 12
R A ¢ ¢ ¢ ±9

.n ¡ 1/n
R A

T

G D D g12
A0 ¢ ¢ ¢ g.n ¡ 1/n

A0

T 2 <.n ¡ 1/ £ 3

and

"D D "12
R A ¢ ¢ ¢ "

.n ¡ 1/n
R A

T

Relationship Between GDOP and RGDOP
GDOP: De� nition and Characteristics

Assume º in Eq. (3) is white Gaussian measurement noise with
zero mean and covariance Q D In £ n . All components of º are
assumed uncorrelated.Then, least-squares estimation gives

± Ou D .H T Q¡1 H /¡1 H T Q¡1± W (7)

cov.± Ou/ D .H T H /¡1 (8)

GDOP is de� ned as

GDOP D tr.H T H /¡1 (9)

where tr D trace of matrix.
GDOP is an indicator of estimation error in position and time

per unit of measurement noise covariance and depends solely on
the user-satellite geometry matrix H . For this reason, it often is
used as the satellite selection criterion.2 GDOP is independent of
the coordinate system employed and can be represented as

GDOP D ¾ 2
E C ¾ 2

N C ¾ 2
U C ¾ 2

C B (10)

where ¾ 2
E ; ¾ 2

N ; ¾ 2
U ; ¾ 2

C B are the variancesof the user position in three
dimensions and the receiver clock bias. A positional DOP (PDOP)
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also can be de� ned for users who are not concerned about clock
synchronizationerrors:

PDOP D ¾ 2
E C ¾ 2

N C ¾ 2
U (11)

The minimum value of GDOP is signi� cant because the rms user
error is the product of GDOP and measurement noise variance.
Using an eigenvalue approach, Fang3 showed that the minimum
value of GDOP with four satellites is

p
2:5. This approach can be

expanded easily to n.> 4/ satellites. For a given H , de� ne

4 ´ H T H D

&
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(12)

By the property of line-of-sight vector, we get tr.4/ D ¸1 C ¸2 C
¸3 C ¸4 D 2n, where ¸i are the eigenvalues of 4. Because 4 is
symmetric and positive de� nite, 0 < ¸1 · ¸2 · ¸3 · ¸4 holds.
Now, GDOP can be de� ned by eigenvalues of 4 as

GDOP2 D .1=¸1/ C .1=¸2/ C .1=¸3/ C .1=¸4/ (13)

From thede� nitionofmaximumeigenvalue,we get¸4 ¸ n and¸1 ·
.n=3/ (Ref. 3). These lead to an inequality relationship between
GDOP and the eigenvalues of 4, as depicted in Eq. (14):

GDOP ¸ min
1

¸4
C

9

2n ¡ ¸4

(14)

The minimum of GDOP for n satellites occurs when ¸n D n and
is .10=n/1=2 . It is seen easily that, for the four-satellite case, the
minimum of GDOP is 2:51=2 with ¸4 D 4. Geometrically, four
satellites that are located in the vertices of a regular tetrahedron
give the minimum GDOP of 2:51=2 . The minimum value of GDOP,
however, never occurs in reality because the Earth itself always
masks some satellites. Considering the mask angle caused by the
Earth itself, theminimumvalueof GDOP is 31=2, which is larger than
that of Fang’s result. This occurs when three satellitesare locatedon
the horizon, forming a regular triangle, and the remaining satellite
is located in the zenith.

RGDOP: De� nition and Relation to GDOP
For n satellites, a linearized measurement equation at nominal

points R and A0 can be denoted as

D ¢ 1W D S ¢ G ¢ ±x C D ¢ 1º (15)

where

1W D 91
R 9 1

A 92
R 92

A ¢ ¢ ¢ 9n
R 9 n

A

1º D º1
R º1

A º2
R º2

A ¢ ¢ ¢ ºn
R ºn

A

G is a matrixde� ned in Eq. (3), and S and D are the single-difference
and double-differenceoperators de� ned as Eqs. (16) and (17), re-
spectively:

D D

&

66$
1 ¡1 ¡1 1 0 0 0 0 ¢ ¢ ¢ 0 0 0 0

0 0 1 ¡1 ¡1 1 0 0 ¢ ¢ ¢ 0 0 0 0
:::

:::
:::

:::
:::

:::
:::

:::
: : :

:::
:::

:::
:::

0 0 0 0 0 0 0 0 ¢ ¢ ¢ 1 ¡1 ¡1 1

’

77%

2 <.n ¡ 1/ £ 2n (16)

S D

&

66$
¡1 1 0 ¢ ¢ ¢ 0 0

0 ¡1 1 ¢ ¢ ¢ 0 0
:::

:::
:::

: : :
:::

:::

0 0 0 ¢ ¢ ¢ ¡1 1

’

77% 2 <.n ¡ 1/ £ n (17)

User position can be found by applying least squares to Eq. (15),
but it must be a weighted least squares because the measurement
noise D ¢ 1º is correlated. Assuming 1º is white Gaussian with
zero mean and covariance Q D I2n £ 2n ; the covarianceof D ¢ 1º is
Q D ´ DDT 2 <.n ¡ 1/ £ .n ¡ 1/. Using the covarianceof an estimated
position ± Ox, RGDOP is de� ned as

RGDOP ´ tr[cov.± Ox/] D trf[GT ST .D DT /¡1SG]¡1g (18)

RGDOP is an indicatorof relativepositioningerror,whereas GDOP
is that of absolute positioning.

By premultiplyingEq. (3) by S, we get

S± W D S[G r]
±x

cBA
C Sº D SG±x D Sº (19)

where clock bias is removed by single-differenceoperation. Under
the same assumption of measurement noise, the covariance of Sº
is Q S D SST 2 <.n ¡ 1/ £ .n ¡ 1/. Using the estimates of position ± Ox,
PDOP can be de� ned as

PDOP ´ tr[cov.± Ox/] D trf[GT ST .SST /¡1 SG]¡1g (20)

The equality DDT D 2SST gives the following relationship be-
tween PDOP and RGDOP:

RGDOP D
p

2 £ PDOP (21)

This shows that RGDOP and PDOP are proportional.Thus, PDOP,
obtainedin absolutepositioning,canbeused insteadofRGDOP.The
minimum value of RGDOP is .18=n/1=2 when GDOP is .10=n/1=2.
Considering the mask angle caused by the Earth itself, the minimum
value of RGDOP is 2.4=3/1=2 for four satellites.

Relationship Between GDOP and Condition Number
The condition number of a square matrix is a measure of the

numerical stability of the matrix inverse used in solving linear
equations.4 For the positive-de�nite matrix 4, condition number
is de� ned as ·.4/, where

·.4/ D ¸4=¸1 (22)

From Eqs. (13) and (22) and the fact that n · ¸4 < 2n, the following
relationshipsare derived:

.1=¸4/[·.4/ C 3] · GDOP.4/2 · .1=¸4/[3·.4/ C 1] (23)

nGDOP.4/2 ¡ 1

3
· ·.4/ < 2nGDOP.4/2 ¡ 3 (24)

Numerical Example
From Eq. (24), for the four-satellite case, the lower bound of the

condition number is 3 because the minimum of GDOP is 2:51=2. A
minimum GDOP is obtained with the following matrix:

H D

&

66$
0:6005 ¡0:5542 ¡0:5764 1

¡0:5542 0:6005 ¡0:5764 1

¡0:5996 ¡0:5996 0:5301 1

0:5533 0:5533 0:6227 1

’

77% (25)

The eigenvalues,condition number, and RGDOP are obtained as

¸.4/ D f1:3333; 1:3333; 1:3333; 4g (26)

·.4/ D ¸4=¸1 D 3 (27)

RGDOP D
p

2 £ PDOP D
p

2 £ 9
4

(28)
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This example shows that a minimum of the condition number and
RGDOP also can be found when four satellites are located in the
vertices of a regular tetrahedron.

Conclusion
In this Note, three measures that can be used in GPS position-

ing are introduced and detailed. Inequalities describing the rela-
tionship between GDOP and condition number are derived, as well
as the relationship between GDOP and RGDOP. The results show
that GDOP is approximately proportional to the condition number,
whereasPDOP is exactlyproportionalto RGDOP. These resultswill
enhance the understanding of the mathematical aspect of GPS po-
sitioning and can be applied to satellite selection and constellation
design problems.
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Extension of the Friedland
Parameter Estimator

to Discrete-Time Systems
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I. Introduction

F RIEDLAND1 developed a globally convergent nonlinear ob-
server to estimate parameters for continuous-timesystems that

are af� ne in the unknown parameter. The derivation of the Fried-
land observer requires smooth partial derivatives and is, therefore,
inherently limited to continuous-timesystems. Inasmuch as the re-
alization of the observer will use discrete-time digital sampling, it
is desirable to develop a direct discrete-time implementation.

In this EngineeringNote, the discrete-timeversionof Friedland’s
parameter estimator is derived and extended to the case of time-
varying parameters. Estimation of the angular rate of a momentum
wheel fromquadratureresolverpositionoutput is demonstrated.Es-
timation of the polesof an autoregressive� lter is also demonstrated,
and the conventional solution is shown to be a subset of this more
general technique.

II. Derivation
Consider the discrete-time dynamic system

xk C 1 D f .xk ; uk ; pk / (1)

pk C 1 D A.xk /pk (2)

where x is the state of the process, u is the control input, f . / is the
state transitionfunction,p is a vectorof parameters,and A.xk/ is the
time-dependent (or possibly state-dependent) parameter dynamics
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matrix. The entire state vector xk is presumed available for direct
measurement.

If the parameter-dependentpart of the dynamics are af� ne in the
parameter vector p, Eq. (1) can be written

xk C 1 D F.xk ; uk/pk C g.xk ; uk / (3)

pk C 1 D A.xk /pk (4)

The proposed observer for parameter vector p has the form of a
reduced-orderestimator:

Opk D A.xk ¡ 1/ Opk ¡ 1 C M.xk ¡ 1/xk C zk (5)

zk C 1 D ¡M.xk /[F.xk ; uk /Opk C g.xk; uk/] (6)

where Op is the estimate of p, M .x/ is a state-dependentgain matrix,
and z is an intermediate state variable of the same dimension as p.

The dynamics of the parameter estimation error ²k C 1 D Opk C 1 ¡
pk C 1 can be expressed as

²k C 1 D A.xk /Opk C M.xk /xk C 1 C zk C 1 ¡ Ak pk (7)

²k C 1 D A.xk /²k C M.xk/[F.xk ; uk /pk C g.xk ; uk /]

¡ M.xk/[F .xk ; uk /Opk C g.x; u/] (8)

²k C 1 D [A.xk / ¡ M.xk/F.xk ; uk/]²k (9)

which is stable when the eigenvalues of matrix

A.xk / ¡ M.xk/F.xk; uk/

are inside the unit circle. The observer design problem is to � nd a
matrix M.xk / that produces this result.

III. Unmodeled Parameter Dynamics
The effect of an error in the model for the parameter dynamics

[Eq. (4)] is to causea steady-stateestimationserror.The true plant is
given by Eqs. (3) and (4). The observer is constructedas in Eqs. (5)
and (6) butwith the true A.xk ¡ 1/ replacedby an erroneous QA.xk ¡ 1/:

Opk D QA.xk ¡ 1/ Opk ¡ 1 C M.xk ¡ 1/xk C zk (10)

The resulting error dynamics are given as

²k C 1 D [ QA.xk / ¡ M.xk /F.xk ; uk /]²k C [ QA.xk / ¡ A.xk /] pk (11)

In steady state, ²k C 1 D ²k . From Eq. (11), the steady-state error
²1 is given as

²1 D [I ¡ QA.x1/ C M .x1/F .x1; u1/]¡1[ QA.x1/ ¡ A.x1/] p

(12)

Equation (12) implies that, if the parameter is bounded, then so is
the estimation error if [ QA.xk/ ¡ M .xk /F.xk ; uk /] is a stable matrix.

IV. Example 1: Spacecraft Momentum
Wheel Rate Estimator

The sineandcosineof angularpositionof a spacecraftmomentum
wheel is measuredusinga resolverwith quadratureoutput.The state
is directly measured and is a function of time and wheel velocity:

xk D
cos !kT

sin !kT
(13)

where ! is the wheel angular rate, k is the discrete-time index, and
T D 1 s is the sample period.


