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Introduction

N Global Positioning System (GPS) positioning, various mea-

sures can be used to select satellites or to evaluate the position-
ing accuracy. Geometric dilution of precision (GDOP) and relative
GDOP (RGDOP) are the most popularones. Though these measures
are used frequently, the relationship between them is not clear. The
conditionnumberis also a traditionalmeasure of numerical stability
in solving linear equations. All of these measures have some com-
mon properties and some differences. The relationships between
these measures are analyzed in this Note after a brief survey of the
GPS positioning problem.

Background
Absolute Positioning

The measured pseudorangeto satellite i at receiver A is denoted

by!

Ul =7l 4+ cBy+ w) (1)

where a measured pseudorange W/, is composed of a real range 1/,
a distance proportionalto the clock bias of the receivercB,, and the
measurement error w',. There are many sources of measurement
errors, such as receiver noise, atmospheric delay, and intentional
degradationof the signal called selective availability (SA). SA is the
most dominant error source, and it typically causes a measurement
error of 30 m (10). To reduce the effect of atmospheric delay,
either the Klobuchar or the Hopfield model is usually adopted in
GPS positioning.!

A linearized measurementequation at a nominal pointis modeled
as

SW, =W, — 1)y =gl 6x +38(cBa) + v, )

where 7}, is the calculated range, g'y, — [gho, 8lo, &ho.l" is the
line-of-sight vector, éx is the three-dimensional position error vec-
tor, and v/, is the remaining error after compensation. In Eq. (2),
there are four unknowns [x and § (¢ B,4)], and measurements to at
least four satellites are required to solve for all of them. Vectorizing
Eq. (2) for n satellites, we have

X
SWY =[G r] I:(S(CBA)

i|+V=H5u+V 3)
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where
s = [sw) swr]’, v=[! o]
G:[g;o g’}w]r e?ﬁ”“, r=[1 - 1]7'
and

Su=1[6x &(cByI"

Relative Positioning

A position relative to a known reference point can be found with
double-differencedmeasurements. The double-differenceoperation
of the code delay measurements of two receivers R and A is defined
as

\Ilj'eiA = (‘I’}Q - ‘I’ja) - (‘I’)Q - \II;) = r;éiA + wjiiA )

where it is clear that the clock bias, atmospheric delay, and SA are
effectively canceled. Double-difference operation, however, ampli-
fies variances of errors such as multipath and receiver noise, which
are relatively smaller than atmospheric delay and SA. It is well
known that the magnitude of carrier-phase measurement error is
smaller than that of pseudorange. Therefore, double-differenced
carrier-phase measurements usually are used for relative position-
ing. The double-differenced relative positioning equations using
carrier-phasemeasurements with resolved integer ambiguity are the
same as for code measurements. A linearizedmeasurementequation
at nominal points R and A is obtained as

5\11;'-{/4 = q’jéiA - r;éiAo = gXO(Sx + sj'eiA ®)

where g}, = g, —&',,» 8 is the three-dimensional position error
vector between A and Ay, and ¢}, is the measurement error. For
n satellites, the three-dimensionalrelative position can be obtained
using the following linear equation:

¥, = Gpdx + ¢, ©)
where
8, = [sw), swi
Go=lgi - g ] ew
and
Ep = [S}QZA 8;:;1)’1]7-

Relationship Between GDOP and RGDOP
GDOP: Definition and Characteristics
Assume v in Eq. (3) is white Gaussian measurement noise with
zero mean and covariance Q = I, ,. All components of v are
assumed uncorrelated. Then, least-squares estimation gives

Sa=HTQ'HY'HT Q7 's¥ (7
cov(da) = (HTH)™! )
GDOP is defined as

GDOP = /tr(HTH)™! )

where tr = trace of matrix.

GDOP is an indicator of estimation error in position and time
per unit of measurement noise covariance and depends solely on
the user-satellite geometry matrix H. For this reason, it often is
used as the satellite selection criterion?> GDOP is independent of
the coordinate system employed and can be represented as

GDOP = /o} + 0} + 0} + 02, (10
where o}, 0}, 0}, 0 are the variancesof the user positionin three
dimensions and the receiver clock bias. A positional DOP (PDOP)
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also can be defined for users who are not concerned about clock
synchronizationerrors:

PDOP = \/o} + 0o} + 0} an

The minimum value of GDOP is significant because the rms user
error is the product of GDOP and measurement noise variance.
Using an eigenvalue approach, Fang® showed that the minimum
value of GDOP with four satellites is 4/2.5. This approach can be
expanded easily to n(> 4) satellites. For a given H, define

Xn: 8% Z 8xi8yi Z 8 Z 8xi

i=1 i=1 i=1 i=1

Xn: 8xi8yi Z 85 Z 818 Z 8y

i=1 i=1 i=1 i=1

Xn: 8xi8zi Z 8yi8i Z & Z 8

i=1 i=1 i=1 i=1

Xn:gxi Xn:gyi Xn:gzi n

i=1 i=1 i=1

[]
I
=
=
I

i (12)

By the property of line-of-sight vector, we get tr(E) = A + A, +
Az + Ay = 2n, where A; are the eigenvalues of E. Because E is
symmetric and positive definite, 0 < A; < A, < A3 < X4 holds.
Now, GDOP can be defined by eigenvalues of E as

GDOP? = (1/41) + (1/42) + (1/43) + (1/14) (13)

From the definition of maximum eigenvalue,we getA4 > nandi; <
(n/3) (Ref. 3). These lead to an inequality relationship between
GDOP and the eigenvalues of E, as depicted in Eq. (14):

1 9
GDOP > mi —_ 14
mm{‘/MJan_M} (14)

The minimum of GDOP for n satellites occurs when A, = n and
is (10/n)'/2. It is seen easily that, for the four-satellite case, the
minimum of GDOP is 2.5'? with A, = 4. Geometrically, four
satellites that are located in the vertices of a regular tetrahedron
give the minimum GDOP of 2.5'/2. The minimum value of GDOP,
however, never occurs in reality because the Earth itself always
masks some satellites. Considering the mask angle caused by the
Earthitself, the minimum value of GDOP is 3!/2, whichis larger than
that of Fang’s result. This occurs when three satellites are located on
the horizon, forming a regular triangle, and the remaining satellite
is located in the zenith.

RGDOP: Definition and Relation to GDOP
For n satellites, a linearized measurement equation at nominal
points R and A, can be denoted as

D-AY=S8-G-6x+D-Av (15)
where
AY =[w, v, v W} v v
AIJ=[1)11e vy o v:i i vg]

G is amatrix defined in Eq. (3), and S and D are the single-difference
and double-difference operators defined as Eqs. (16) and (17), re-
spectively:

1 -1 -1 1 000O0O--0 0O 00O
o o0 1 -1-1100--0 0 00
o o0 o0 o 00O0O0O- -1 -1 —-11
= m(nfl)XZn (16)
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User position can be found by applying least squares to Eq. (15),
but it must be a weighted least squares because the measurement
noise D - Av is correlated. Assuming Av is white Gaussian with
zero mean and covariance Q = I, , »,, the covarianceof D - Av is
Op = DDT € R~ D> =D Using the covariance of an estimated
position 8x, RGDOP is defined as

RGDOP = /tr[cov(8%)] = v/tr{[G” ST(DDT)~'SG]-'} (18)

RGDOP is an indicator of relative positioning error, whereas GDOP
is that of absolute positioning.
By premultiplying Eq. (3) by S, we get

6x
Ss¥ = S[G r]|: i|+SV=SG5x=SV (19)
cB,

where clock bias is removed by single-difference operation. Under
the same assumption of measurement noise, the covariance of Sv
is Qg = SST € R=D>x@=D Using the estimates of position 8%,
PDOP can be defined as

PDOP = y/tr[cov(6%)] = /tr{[GT ST(SST)'SG]-'}  (20)

The equality DDT = 25S7 gives the following relationship be-
tween PDOP and RGDOP:

RGDOP = v2 x PDOP 1)

This shows that RGDOP and PDOP are proportional. Thus, PDOP,
obtainedin absolutepositioning,can be used instead of RGDOP. The
minimum value of RGDOP is (18/n)'/? when GDOP is (10/n)'/2.
Considering the mask angle caused by the Earth itself, the minimum
value of RGDOP is 2(4/3)"/? for four satellites.

Relationship Between GDOP and Condition Number

The condition number of a square matrix is a measure of the
numerical stability of the matrix inverse used in solving linear
equations* For the positive-definite matrix E, condition number
is defined as « (E), where

k(B) = Aa/M (22)

From Egs. (13)and (22) and the factthatn < A4 < 2n, the following
relationshipsare derived:

(1/2)[x(E) + 3] < GDOP(E)* < (1/A)[3x(E) + 1] (23)

nGDOP(E)? — 1

3 < k(E) < 2nGDOP(E)?> — 3 (24)

Numerical Example
From Eq. (24), for the four-satellite case, the lower bound of the
condition number is 3 because the minimum of GDOP is 2.5'/2. A
minimum GDOP is obtained with the following matrix:

0.6005 —0.5542 —-0.5764 1
—0.5542  0.6005 —0.5764 1

| —0.5996 —0.5996  0.5301 1 25)
0.5533  0.5533 0.6227 1

The eigenvalues, condition number, and RGDOP are obtained as
A(E) = {1.3333,1.3333, 1.3333, 4} (26)
K(E) =)»4/)»1 =3 (27)

RGDOP = v/2 x PDOP = v/2 x \/g (28)
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This example shows that a minimum of the condition number and
RGDOP also can be found when four satellites are located in the
vertices of a regular tetrahedron.

Conclusion

In this Note, three measures that can be used in GPS position-
ing are introduced and detailed. Inequalities describing the rela-
tionship between GDOP and condition number are derived, as well
as the relationship between GDOP and RGDOP. The results show
that GDOP is approximately proportional to the condition number,
whereas PDOP is exactly proportionalto RGDOP. These results will
enhance the understanding of the mathematical aspect of GPS po-
sitioning and can be applied to satellite selection and constellation
design problems.
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Extension of the Friedland
Parameter Estimator
to Discrete-Time Systems

Walter D. Grossman*
New Jersey Institute of Technology,
Newark, New Jersey 07102-1982

I. Introduction

RIEDLAND' developed a globally convergent nonlinear ob-

server to estimate parameters for continuous-time systems that
are affine in the unknown parameter. The derivation of the Fried-
land observer requires smooth partial derivatives and is, therefore,
inherently limited to continuous-time systems. Inasmuch as the re-
alization of the observer will use discrete-time digital sampling, it
is desirable to develop a direct discrete-time implementation.

In this Engineering Note, the discrete-time version of Friedland’s
parameter estimator is derived and extended to the case of time-
varying parameters. Estimation of the angular rate of a momentum
wheel from quadratureresolverposition outputis demonstrated.Es-
timation of the poles of an autoregressivefilter is also demonstrated,
and the conventional solution is shown to be a subset of this more
general technique.

II. Derivation
Consider the discrete-time dynamic system

Xiy1 = f Qo Wi, pr) o8]

Pi+1 = AXi)pe 2)

where x is the state of the process, u is the control input, f () is the
state transition function,p is a vector of parameters,and A (x;) is the
time-dependent (or possibly state-dependent) parameter dynamics
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matrix. The entire state vector x; is presumed available for direct
measurement.

If the parameter-dependentpart of the dynamics are affine in the
parameter vector p, Eq. (1) can be written

Xiyp1 = FQop, uppe + 80, uy) 3)
Pir1 = A)px “4)

The proposed observer for parameter vector p has the form of a
reduced-order estimator:

Pr =A@ DPi—1 + M@ Dxy + 2 (5)

Ziy1 = —M@)[F @, w)py + g0k, uy)] 6)

where p is the estimate of p, M (x) is a state-dependentgain matrix,
and z is an intermediate state variable of the same dimension as p.

The dynamics of the parameter estimation error €, | = py41 —
Di+1 can be expressed as

€1 = AP + M)+ 2 — Arpi (7

€1 = A e + M@)LF O, u)pe + 8 e, u)]

— M@ )[F (e, w)py + g(x, u)] (8)

€1 = [AQxy) — M(x) F(xy, uy)leg ©
which is stable when the eigenvalues of matrix
AQeg) — M) F (e, ui)

are inside the unit circle. The observer design problem is to find a
matrix M (x;) that produces this result.

III. Unmodeled Parameter Dynamics

The effect of an error in the model for the parameter dynamics
[Eq. (4)]is to cause a steady-stateestimations error. The true plantis
givenby Egs. (3) and (4). The observeris constructedas in Egs. (5)
and (6) but with the true A (x; _ ) replaced by an erroneous A (xy — 1):

P =A@ Dbx_ 1+ Mx,_)x, + 2 (10)
The resulting error dynamics are given as
€1 = [A) — M) F (e, w)le, + [A(e) — A@x)lpe (11

In steady state, €, .| = €. From Eq. (11), the steady-state error
€. 18 given as

€0 = [ — Axo) + M (xo) F (Xog, o) [A(x0) — A(xo) 1P
(12)

Equation (12) implies that, if the parameter is bounded, then so is
the estimation errorif [A(xy) — M (x;) F (x;, uy)] is a stable matrix.

IV. Example 1: Spacecraft Momentum
Wheel Rate Estimator
The sine and cosine of angularposition of a spacecraftmomentum
wheel is measured using a resolver with quadrature output. The state
is directly measured and is a function of time and wheel velocity:

coswkT
X, = [ :| (13)

sinwkT

where o is the wheel angular rate, k is the discrete-time index, and
T =1 s is the sample period.



